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Abstract 
In this paper, we give a partial answer concerned with Auslander’s conjecture. It is shown that 
every crystallographic subgroup of E(n - 2,2) is virtually solvable. 
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1. Introduction 
Let r be a discrete subgroup of Aff(n), the group of all affine transformations of Iw”. 
The group r is called an affine crystallographic group if r acts properly discontinuously 
and uniformly on W. About r, there is a long standing conjecture as follows. 
Auslander’s conjecture 1.1. Every afJine crystallographic subgroup is virtually solv- 
able. 
Let X : Aff(n) + GL,(IW) be the natural projection. Recall that Aff(n) is a semidirect 
product GL,(IW) D( IWn, where R” is identified with the group of all pure translation of Iw”. 
If X(r) is contained in a real algebraic subgroup G of GL,(IW), r is called G-linear. 
The above conjecture has been proven in the following cases: 
(i) r is O(n)-1’ u-rear (Bieberbach’s first theorem, [13] or [8, 8.261). 
(ii) r is O(n - 1, I)-linear [5]. 
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(iii) r is G-linear, where G is a reductive group with rankR(G) < 1 [6]. 
(iv) r is G-linear, where semisimple Lie group (G/&)O (& denotes the solvable 
radical of G) has the representation as a almost direct product (G/Rc)~ = S, S, . S, 
with rankR(Si) < 1 for i = 1,. ,T [lo]. 
(v) n < 5 [ll]. 
This paper gives a positive answer on the conjecture for O(n - 2,2)-linear group r 
under the condition described later. Since rankw(O(n - 2,2)) = 2, the case (iii) does not 
include ours. 
Let q be a quadratic form on R” of signature (n, - 2,2), and 
E(n - 2,2) := O(n - 2,2) D: R” 
be a subgroup of Aff(n) such that img(X) = O(n-2,2). Note that each element of Aff(n) 
is denoted by (A, u), where A E O(71. - 2,2), v E R”. Let A(T) be the algebraic hull of 
r in the real algebraic group Aff(n), and U denotes the unipotent radical of A(r) (all 
of them is given as R-point of real algebraic group). We expect the virtually solvability 
of r, however we need a following assumption to prove the virtually solvability of r: 
(H): U contains an element 6 of I’ with nontrivial linear part. 
This condition is not so restricted. In fact, refer to the classification of 0(2,2)-linear 
group r due to M. Wang [ 121, the condition is the case whenever the unipotent radical 
U of A(r) is not equal to the translation group R”. (It also holds for 0(3, I)-linear 
group, see [3, Theorem 51.) 
Now main theorem is stated as follows. 
Theorem 1.2. Let r be a crystallographic subgroup of E(n - 2,2) sati&ing with (H). 
Then r is virtually solvable. 
The proof is divided into two cases: 
(1) r doesn’t have nontrivial translations (r f’ R’” = (0)). 
(2) r has nontrivial translations (r n il.?? # (0)). 
We consider the case (1) in Section 2 and the latter case in Section 3. We will ascribe the 
proof in Section 3 to the fact proved in Section 2. Throughout the proof of this theorem, 
we will apply frequently the fact (iv) established in [lo]. 
2. The case when r has no pure translations 
Our purpose in this section is to prove the following: 
Proposition 2.1. Let r is u crystallogruphic subgroup of E(n - 2,2) satisjying with (If). 
We assume that r has no pure trunslatiorls (i.e., F n I%'" = (0)). Then r is virtually 
solvable. 
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Let W be the X(lLJ)-fixed point subspace. From (H), we see that W is proper subspace 
of R”. The quadratic form q restricts to a quadratic form on W. Let it be qw. 
Lemma 2.1.1. qw is a degenerate form. 
Proof. We suppose that qw is nondegenerate. Then IV’ is X(UJ)-invariant. By Engel’s 
theorem on X(U) 1 we, some nonzero vector ~0 E IV’ is fixed. This means X(U)va = we. 
From the definition of W, ~0 E W. It is contrary to the fact: W 17 IV’ = {O}. 0 
Let n(w) denote the kernel of qw consisting of all null vectors in IV. Put i = 
dim(n(W)) (i = 1,2). Th en there exists g E GL,(R) such that g(n(W)) = Ri x 
{0}, gW = R” x (0) and the matrix form J of q changes to one of the followings: 
(1) dim(n(W)) = 1 
In-4 is (n - 4) x (n - 4)identity matrix. 
(2) dim(n(W)) = 2 
El 
Jn-),I = 
0 
E2 
0 
1 
n-3 times 
, {&i} = (m-1). 
En-2 
For each case (l), (2), we may replace that n(W) by Ri x {0}, W by IR’ x {0}, and J 
by above form. Denote N := No(n-_2,~)(X(llJ)) the normalizer of X(lII) in O(n - 2,2). 
Clearly W is N-invariant subspace. In each case, note that it respectively forces the form 
of N as follows. 
((1) *) ; PI,& E GL:!(R), P2 E O(n - 4). 
* 
((2) *I It--l ti; * ; PEO(V3,1), /*.lR* 0 0 I_L- 
Let A(T) be the algebraic hull of P, and Si .Sz. . S, be an almost direct product of 
the Levi factor of A(T). In above cases, it is clear that rankn(&) < 1 for all i. Making 
use of the argument in [lo] for each case, we can say that P is virtually solvable. As a 
consequence, the proof of Proposition 2.1 is completed. 
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3. The case when r has nontrivial pure translations 
Next step in our proof is to examine r with nontrivial translations. 
Proposition 3.1. Let r is crystallographic subgroup of E(n - 2,2) satisfying with (ff). 
We assume that r has nontrivial pure translations (i.e., I’ n R” # (0)). Then r is 
virtually solvable. 
Let V be the subspace spanned by r I- IR”. If V = IF, r n IP is a free abelian of 
rank n. Then F/r is covered by iP/rClR” which is a n-torus T”. X(r) acts properly 
discontinuously on a compact T” as a deck transformation group. Hence X(r) is finite. 
It means r is virtually abelian. Thus we may assume V as a proper subspace of IF??, so 
that dim V = n - k < n. 
The quadratic form q restricts to a form qv on V. The following three cases are 
possible. 
(Ql) q is nondegenerate. 
(Q2) q is degenerate and dim n(V) = 1. 
(Q3) q is degenerate and dim n(V) = 2. 
We shall examine about each case (Ql), (Q2), (Q3). If necessary, we can choose a basis of 
Iw” such that V = lF?Yk x (0) c IR”. Then the form 9 of q is as follows correspondingly 
to the three cases, respectively. 
(QI> 
El 0 71-Z times 
Jn-2,2 = 
E2 
” 1 
; {Ei} = {Yix&I, -1). 
0 E,, 
(Q2) 
Since V is invariant under X(r)-action, we can define the homomorphism p: r + 
Aff(IP/V) s Aff(lc) by the following with respect to each form induced by 
2 IR”-” x (0) : 
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Correspondingly to three cases, the form of p(r) is as follows, respectively. 
(Ql) p(r) c E(V’) = O(V’) D( VI. 
(Q2) 
(Q2-1) 
or 
&?(r)cP,:= { ([++I, ~~])l,tO,-2,,).,;..i. (42-z) 
Now we may assume that X(r) IS a torsionfree group (by Selberg’s lemma [8, 6.111). 
Next lemma gives us the property of the homomorphism p. 
Lemma 3.1.1. 
(0 
(ii) 
(iii) 
ker(p) = r f? IFP 2 Znek. 
p(r) acts properly discontinuous and uniformly on IR” Z+ IR?/V. 
p(T) I- Iwk = (0). 
Proof. For the proof of (i), (ii), we will use [5, 2.61 and [6, Lemma 2.11. We sketch 
them in our situation. 
(i) Clearly TnR” is contained in ker(p). We know that ker(p) acts properly discontin- 
uously on R” and trivial on (0) x R” 2 W/V. By induced action, ker(p)/r n lRn acts 
properly discontinuously on KY/r n R” and trivial on IFP/V. So it also acts properly 
discontinuously on each T”-fiber of P/r n IRn + P/V. Thus r n IR” is of finite 
index in ker(p). It means that every element of X(ker(p)) has torsion. By our assumption 
on X(r), we have X(ker(p)) = {I}. 
(ii) Since r acts uniformly on R”, p(r) acts uniformly on (0) x R” ” IRn/V. Let 
K c JR” be a compact set. Take a compact set K’ c IR’” defined by K’ = (K’nV) x K c 
V x IR”; we choose K’ as sufficiently large that (0) c F G K’ n V c V, where F 
denotes a fundamental domain of V/kerp. Then, every 6’ E p(r) with K n 8K # 0 
corresponds to (at least) one element 70 in the coset [B] with K’ n y@K’ # 0. 
(In fact, for fixed 0 E p(r) satisfying K n 8K # 0, there exists y E [0], and K, K’ E 
(0) x K c K’ such that P(K) = p(y~‘). It follows that K - 7’~’ E V. We can choose 
‘y. E ker(p) = r n EF, K” E F as follows. 
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K - y/d = “YOK”. 
:. K - K” = “io’yd 
Because of a good choice of K’, we have lc - K” E K’, and p(~;‘y) = p(y) = 0. So 
we just found q~e = ~;ty.) 
Thus, the properly discontinuity of r guarantees the properly discontinuity of action of 
p(r) on R”. 
(iii) It follows immediately from the proof (i) that we have the following 9-diagram: 
1 1 
0 0 
and then hence p(r) 2 X(p(r)). 0 
To prove that r is virtually solvable, it follows from Lemma 3.1.1 that we only have 
to show the virtually solvability on p(r), in each case (Ql), (Q2), and (Q3). 
Case 3.2 (Ql). We distinguish following 3 cases on the form of O(V’). 
{ 
O(k) . . (a) 
O(V’) = O(k - 1,l) . ..(b) 
O(/? - 2,2) ” . (c) 
In the first case (a), p(r) is a crystallographic subgroup of E(k). Then Bieberbach’s first 
theorem (see [13] or [S]) implies that p(r) is virtually abelian. 
In the second case (b), p(r) is a crystallographic subgroup of E(lc - 1,l). By [5], it 
is shown that p(r) is virtually solvable. 
In the last case (c), p(r) IS a crystallographic subgroup of E(rC - 2,2) s.t. p(r) n R” = 
(0). Let UI, be the unipotent radical of algebraic hull of p(r) in E(lc - 2,2). From the 
assumption (H), there is an element b l r fl KJ with nontrivial linear part. We see that 
b 6 ker(p) by Lemma 3.1.1. It clearly follows that p(6) E p(r) f? U,, which linear part 
is nontrivial. Making use of Proposition 2.1, it implies that p(r) is virtually solvable. 
Case 3.3 (Q2). Let A(p(T)) be the algebraic hull of r, and Si .5’z . . ST be an almost 
direct product of the Levi factor of A(r). In this case, it is clear that rankn(Si) < 1 for 
all i. Making use of the argument in [lo] for p(r) of each case (QZ-1), (Q2-2), we can 
say that r is virtually solvable. 
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Case 3.4 (Q3). As the same argument as Case 3.3, we also have that r is virtually 
solvable. 
We concluded that r is virtually solvable in all the cases, from which follows the 
Main Theorem. 
Remark. It is not possible to extend our proof to SO(n - T, r)-linear group for general 
T, because we applied the argument in [lo] to show Theorem 1.2. It is also difficult to 
show about SO(12-2,2)-linear group without the condition (H). We suggest the following 
problem on a strong condition; we don’t know the way to show it. 
Problem. If X(r) is Z ariski dense in SO(n - 2,2), is r virtually solvable? 
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